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Chapter One

1'1 Real Numbers and the Real Line

Real Numbers

Much of calculus is based on properties of the real number system. Real numbers are
numbers that can be expressed as decimals, such as

= —0.75000...

V2 =14142...

The dots ... m each case mdicate that the sequence of decimal digits goes on forever,
Every conceivable decimal expansion represents a real number, although some numbers
have two representations, For instance, the mfimte decimals 999... and 1.000... repre-
sent the same real number |, A simular statement holds for any number with an mfinite ta:l
of 9%,

The real numbers can be represented geometncally as points on a number line called
the real line.

The symbol R denotes either the real number system or, equivalently, the real line,

The properties of the real number system fall into three categones: algebraic proper=
ties, order properties, and completeness. The algebraic properties sy that the real num-
bers can be added, subtracted, multiplied, and divided (except by 0) to produce more real
numbers under the usual rules of anthmetic. You can never divide by (.
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Rules for Inequalities
If @, b, and ¢ are real numbers, then:

1
i
3

a<h=g—-c=<h-r
a<h=g—-c=h-r
a< bandec = ) = ac =< bc

ga< bandec <0 = bhe < ac

Specialcaseca < b= —bh < —a
I

a=ll=7>=10

If @ and b are both positive or both negative, thena < b = .'l:l_ = al

where the symbol = means “implies.”

We distinguish three special subsets of real numbers,
The natural numbers, namely 1,2, 3,4,...
The integers, namely 0, =1, =2, =3, ..

The rational numbers, namely the numbers that can be expressed in the form of a
fraction m/n, where m and » are integers and n # (). Examples are

The rational numbers are precisely the real numbers with decimal expansions that are

either

(a)

terminating (ending in an infinite string of zeros), for example,

= 0.75000... = 0,75 or

(b) eventually repeating (ending with a block of digits that repeats over and over), foi

example

i = 2.090909... = 2.09
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A termmating decimal expansion is a special type of repeating decimal since the ending
ZETOS TEpeat.

The set of rational numbers has all the algebraic and order properties of the real num-
bers but lacks the completeness property. For example, there 15 no rational number whose
square is 2; there is a *hole™ in the rational line where V2 should be,

Real numbers that are not rational are called rrational numbers. They are character-
ized by having nonterminating and nonrepeating decimal expansions. Examples are
7, V32, "EI"S__ and logg3. Since every decimal expansion represents a real number, 1t
should be clear that there are infinitely many irrational numbers. Both rational and irra-
tional numbers are found arbitrarily close to any point on the real line,

Set notation 15 very useful for specifiing a particular subset of real numbers. A setisa
collection of objects, and these objects are the elements of the set. IT 5 1s a set, the notation
a e 5 means that 4 is an element of 5, and a ¢ § means that 4 s not an element of 8§ [f &
and T are sets, then 5\ T 15 their union and consists of all elements belonging eitherto §
or T {or to both § and 7). The intersection 5 T cnsists of all elements belonging to both
Sand T. The empty set ) is the set that contains no elements. For example, the intersec-
tion of the rational numbers and the irrational numbers 1s the empty set.

Some sets can be descnibed by listing their elements m braces. For instance, the set A4
consisting of the natural numbers (or positive integers) less than & can be expressed as

A={1,2,3,4,5}.
The entire set of integers 1s written as

{0, £1, +2,

Another way to describe a set 1 to enclose in braces a rule that generates all the ele-
ments of the set, For instance, the set

A= {x|x1sanintegerand 0 < x < 6}

1§ the set of positive integers less than 6,

INTERVALES:

A subset of the real line 15 called an interval if it contams at least two numbers and con-
tams all the real numbers fymg between any two of its elements. For example, the set of all
real numbers x such that x > 6isan interval, as 1s the set of all x such that -2 = x = 5,
The set of all nonzero real numbers 15 not an mterval; since 0 1s absent, the set fails to con-
tain everv real number between — 1 and | (for examnle).
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1 Types of intervals

Notation Set description Type Picture

Finite: (a, b) {x|a < x < b} Open

[a, b] {xla=x=b} Closed

Half-open

Half-open

Infinite; {x|x > ¢ Open

Closed

Open

Closed

R (set of all real
numbers) Both open
and closed

Solving Inequalities

The process of finding the interval or intervals of numbers that satisfy an inequality in x 1
called solving the inequalty.

EXAMPLE 1  Solve the following inequalities and show their solution sets on the real
lne.

(8 2x =1 <x+3 (b) -3 < 2x = |
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Solution

(a) x—-1<x+3
Xx<x+4
x<4

The solution set is the open mterval (—0oc,4) (Figure 1,1a),

(b)

\C)

FIGURE 1.1 Solution sets for the
inequalities in Example 1.

Copyright © 2005 Pearson Education. inc.. publishing as Pearson Addison-\Wesley

The solution set 1s the open mterval (—3,7, 00 ) (Figure 1.1b).

(¢) The mequality 6/(x — 1) = Scan hold only if x > |, because otherwise 6/(x — 1)
1s undefined or negative. Therefore, (x — 1)1s positive and the inequality will be pre-
served 1f we multiply both sides by (x — 1), and we have

6
x—1

6
11

11
5

The solution set is the half-open interval (1, 11/5] (Figure 1.1c).

Absolute Value

The ahsolute value of a number x, denoted by | x|, is defined by the formula

{ x, x=0
X =
N (o AR |
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Absolute Value Properties

L. A number and 1ts additive inverse or negative have
the same absolute value.
The absolute value of a product 1s the product of
the absolute values.
The absolute value of a quotient 15 the quotient
of the absolute values.
The triangle inequality. The absolute value of the
sum of two numbers 15 less than or equal to the
sum of their absolute values.

EXAMPLE 2  Finding Absolute Values
3|=3, 10{=0, |=5|=—(=5)=35 |[—|a]| = |« [
Geometnically, the absolute value of x is the distance from x to 0 on the real number
line, Since distances are always positive or (), we see that | x| = 0 for every real number x,
and |x| = 0ifand only if x = 0. Also,
\x — y| = the distance between x and y

on the real line (Figure 1.2),
Since the symbol V a always denotes the monnegative square root of a, an alternate
definition of | x| is
x| = Vx°

It is important to remember that Va* = |a|. Do not write Va* = aunless you already
know that e = 0.

FIGURE 1.2 Absolute values give
distancas betweean points on the number
line.
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Note that |=a| # —|a|. For example, |-3| = 3, whereas —|3| = -3. [f aand b
differ 1 sigm, then |a = b 1s less than || = |b|. In all other cases, |a = b/ equals
a| = |b|. Absolute value bars m expressions ke | -3 - 5| work like parentheses: We do
the anthmetic inside hefore taking the absolute value,

EXAMPLE 3 Illustrating the Triangle Inequality

!
]

(-

=3+5|=12|=2<|-3|+|5|=8
13+5]= 8= 3| +|5]
FIGURE 1,3 |x| < a means x lies 2, Yy ¢ L = =] 4+ | =&l
between =a and g,
The inequality |x| < a says that the distance from x to (115 less than the positive num-
ber a. This means that x must lie between —aand a, as we can see from Figure 1.3,
The following statements are all consequences of the definition of absolute value and
are often helpful when solving equations or inequalities involving absolute values,

\bsolute Values and Intervals
If @ 13 any positive number, then

x| ifandonlyif x=za

bel ifandonly1f —a<x<a

x| ifandonlyif x>aorx< -a
ifandonlyif -a=x=<a

ifandonlyif x=aorx<-a

The symbol & 15 often used by mathematicians to denote the “if and only 1" logical
relationship, It also means “implies and 15 implied by."
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EXAMPLE 4  Solving an Equation with Absolute Values

Solve the equation |2x

Solution By Property

2x — 3 =

The solutionsof [2x — 3

EXAMPLE 5  Solving an Inequality Involving Absolute Values

Solve the inequality |5 — &=| < 1.

Solution  We have

=o4<.\'<

Notice how the various rules for inequalities were used here. Multiplying by a negative
number reverses the inequality. So does taking reciprocals in an inequality in which both
gdes are positive. The onginal inequality holds if and only if (1/3) < x < (1/2).
The solution set is the open interval (1/3, 1/2), &

H.W:

Solve the inequality and show the solution set on the real line:

(a)
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Increments and Straight Lines

When a particle moves from one point in the plane to another, the net changes in its coor-
dinates are called mcrements. They are calculated by subtracting the coordinates of the
starting point from the coordinates of the ending point. If x changes from x; to x,, the in-
crement in x s

Ax = x3 — x1.

EXAMPLE 1 In going from the point 4(4, —3) to the point B(2, §) the incrementsin the
x-and y-coordinates are

Ax=2—-4=-2, Ay=5-(-3) =8,
From C(5, 6)to D(5, 1) the coordinate increments are

Ax=5-5=0, Ay=1-6=-5

See Figure:

Coordinate increments may be positive, negative, or Zero.

Given two pomts Py(x;,y;) and Palxs,y2) in the plane, we call the increments
Ax = x; —x; and Ay = y; — y the run and the rise, respectively, between P, and P;.
Two such points always determine a umgue straight line (usually called simply a line)
passing through them both. We call the line P P;.

Any nonvertical line in the plane has the property that the ratio

nse ._III._L' _ ¥~ M

meEe—= =0
T=mn = Ay %o X
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DEFINITION Slope

The constant

1s the slope of the nonvertical line P, P,

1o
™

v

¥

R

FIGURE 1.8 Triangles P, and

2" Q' Py' are similar, so the ratio of their
sides has the same value for any two points
on the line. This common value is the line's
siope.

The slope tells us the direction (uphill, downhill) and steepness of a line. A line with
positive slope nises uphill to the nght; one with negative slope falls downhill to the nght
(Figure 1.9). The greater the absolute value of the slope, the more rapid the nise or fall. The
dope of a vertical line is indefined. Since the run Ax is zero for a vertical line, we cannot
evaluate the slope ratio m.

The direction and steepness of a line can also be measured with an angle. The angle
of inclination of a line that crosses the x<axis 1s the smallest counterclockwise angle from
the x-axis to the line (Figure 1.10). The inclination of a honzontal line 1s 0° The inclina-
tion of a vertical line is 90°. If ¢ (the Greek letter phi) 1s the inclination of a line, then
0= ¢ < I180°.
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The relationship between the slope m of a nonvertical Ine and the line's angle of incli-
nation ¢ is shown m Figure 1.11:

m = tan @,

Straight lines have relatively simple equations. All pomts on the vertical fine through
the point a on the x<axis have x-coordinates equal to @. Thus, x = a1s an equation for the
vertical line. Similarly, v = bis an equation for the horizontal line meeting the y-axis at b,
(See Figure 1.12.)

We can write an equation for a nonvertical straight line L if we know its slope m and
the coordinates of one point P(xy, y;) on it. If P(x, y) is any other point on L, then we can
use the two potnts P; and P to compute the slope,

m=-

> Qi <1

Yy=n =mx —x) o y=y T mx—x)

Thats, y increases 8 units every time x

increases 3 units. The slope of Ly 15
B P 7 The equation

-3
Y=y T mx - x)
Thatis, y decteases 3 units every ime x . . . TTIET _
vy B is the point-slope equation of the line that passes through the point (x, y;) and

INCreases 4 units. .
has slope m,

Exercises:

1.

It =1 = v =3 =< 1, which of the following stataments gbout ¥
ara nacessarily true, and which are not necessarily trua?

a. —1{;{{ E" h. _E" 'C\:I'l-'{_—"l'

C. I'l-' = 4 d. I'l-' = E"

2.

If 2 = x = &, which of the following siatements about x are nec-
essarily true, and which ara not necassari by trua?
a, 0= x=4 b, 0 =x=2=4

1 1 1

T -
I’.:.]'ﬁz?'f-:.'ﬁ d.z'ﬁ?'ﬁz?

H.W:

Solve the inequalities & show the solution sets on the real line.




Dr. Abdullah A. Abdullah ..........................Mathematic &biostatistics

Note: The Student Does (H.W, Exercises).

EXAMPLE 2  Write an equation for the line through the point (2, 3) with slope —3/2.

Solution  We substitute x; = 2,y; = 3,and m = =3/2 mto the point-slope equatior
and obtain

FIGURE 1.10  Angles of inclination
are measured counterclockwise from the
-2, When x =0, y = 650 the line intersects the y-axis at y = 6,

EXAMPLE 3 A Line Through Two Points

Write an equation for the line through (=2, —1) and (3,4).

Solution  The line's slope 1s

We can use this slope with either of the two given points in the point-slope equation:

With (xy, y1) = (=2, =1) With (x1, 1) = (3,4)

y=-=1+1(x-(-2)) y=4+1(x-3)
y==l+x+2 y=4+x-13
FIGURE 1.11 Theslopeof anonvertical y=x+] y=x-1

ling is the tangent of its angle of = Same result

inclination, Either way, y = x = | is an equation for the line (Figure 1.13),

The y<oordinate of the point where a nonvertical line intersects the y-axis is
called the y-intercept of the line, Similarly, the x-intercept of a nonhonzontal line is the
x<oordinate of the point where it crosses the x-axis (Figure 1.14), A line with slope m and
y<ntercept b passes through the point (0, ), so it has equation

Along this line,

=1

Along this line, y=b=+mx=-0), or,moresimply, y=m=+h,
y=13
b

2
&

The equation

y=mx+h

FIGURE 1,12 The standard equations is called the slope-intercept equation of the line with slope m and y-intercept b.
for the vertical and horizontal lines

through (2, 3)arex = 2and y = 3.
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FIGURE 1.13 The line in Example 3,

FIGURE 114 Ling L has x-interoepta
and y-intercept b,

Lines with equations of the form y = mx have y-ntercept { and so pass through the ori-
gin, Equations of lines are called linear equations,
The equation

Ax+By=C (Aand Bnotboth0)

s called the general linear equation in x and y because its graph always represents a line
and every line has an equation in this form (including lines with undefined slope).

EXAMPLE 4  Finding the Slope and y-Intercept

Find the slope and y-intercept of the line 8x = 5y = 20,

Solution  Solve the equation for y to put it in slope-intercept form:

Rx + 5y =20

The slope is m = —§/5, The y-intercept is h = 4,

Parallel and Perpendicular Lines

Lines that are parallel have equal angles of inclination, so they have the same slope (if they
are not vertical), Conversely, lines with equal slopes have equal angles of mclimation and
s0 are parallel,
If two nonvertical lines Lj and L, are perpendicular, their slopes m; and my satisfy
mymy = =1, o each slope is the negative reciprocal of the other:
sk e db
m =g M=
To see this, notice by inspecting similar tnangles in Figure 115 that my = a/h, and
my = =h/a, Hence, mmy = (a/h)(=h/a) = -1,
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Distance and Circles in the Plane

The distance between points in the plane is calculated with a formula that comes from the
Pythagorean theorem (Figure 1.16).

{

Slope m, /

\é j

A

P A .l . " .
Slopzmy 3 This distance is

=\ Tz + of

|
:/@
£
.
D

k! \.v“ll.tz-.l'“): - I',";'."_):

FIGURE 1.15 AADC 5 similar to
ACDB. Hence &, 1s glso the upper angle
in ACDRB . From the sides of ACDB, we

read tan &by = a/h.

0

FIGURE 1,16 To calculate the distance
batween Plxy, yi) and Qlxy, ¥2), apply the
Pythagorean theorem to triangle PCQ.

Distance Formula for Points in the Plane
The distance between P(x;, y;) and (x3, y3) is

| ( 2 ( 2 \2 F )
d= V(Ax)* - (Ay)' = Vixa—x;)* - (= n )"

EXAMPLE 5  Calculating Distance

(a) The distance between P(—1, 2)and (3, 4)1s
V- (=12 (4-27= VP +(27= Vo= Va5

(b) The distance from the onginto P(x, y)1s

-

Vix =002+ (y = 0F = Vx? + %

H.W:

Prove that|ab| = (||| for any numbrs a and .
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By definition, a circle of radius a is the set of all points P(x, y) whose distance from
some center C{h, k) equals a (Figure 1.17), From the distance formula, P lies on the circle
if and only 1f

Vix-hP = (y- kf = a,

(x=n*+{y=k‘=a

(x = hy = (y- K =d,

FIGURE 1.17 A circle of radius  in the
xy-plang, with center at (h, k),
Equation (1)1 the standard equation ofa circle with center (, k)and radius 2, The circle
ofradius o = | and centered at the ongin 1s the unit circle with equation

Peyi=l,
Functions and Their Graphs

In each case, the value of one vanable quantity, which we might call y, depends on the
value of another vanable quantity, which we mught call x. Since the value of y s com-
pletely determined by the value ofx, we say that y 1s a function of x, Often the value of y 1s
given by a rule or formula that says how to calculate it from the vanable x. For instance,
the equation A = 777 is a rule that calculates the area 4 of a circle from its radius 7.

In calculus we may want to refer to an unspecified function without having any partic-
ular formula in mind. A symbolic way to say “y 1s a function of x" 1s by wnting

y=flx)  ("pequals f of x")

In this notation, the symbaol f represents the fimction. The letter x,called the independent
variable, represents the input value of f, and y, the dependent variable, represents the
corresponding output value of f at x.

DEFINITION Function

A function from a set D to a set ¥'is a rule that assigns a wnigue (single) element
fix) e ¥ o each element xe D.
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L —— f wnsee [{X)
[nput Output
(domain) (range)

The set D of all possible input values 1s called the domain of the function. The set of
all values of f(x) as x vanes throughout D is called the range of the function. The range
mav not include everv element in the set V.

~— N
T —— e N,
B =~ fa) flx)

a

) = domain s=t ¥ = sot containing
the range

FIGURE 1.23 A funcuon fromasat Dto
2 set Yassigns a unique elementof Y10
each element in D.

A function can also be pictured as an arrow diagram (Figure 1.23). Each arrow
associates an element of the domain D to a unique or single element in the set ¥, In Figure
23, the arrows indicate that f(a) 15 associated with a, f(x) 18 associated with x, and so on.

EXAMPLE 1  Identifying Domain and Range

Venfy the domains and ranges of these functions.

Function Domain (x} Range (y)
¥ (—0o, 20) [0, 22)

(—oo, 0) U0, oo) (—oo,0) U0, 00)

[0, 2} [0, 0a)

(—00,4] [0, 00)

[-1,1] [0, 1
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Solution  The formula y = x gives a real y-value for any real number x, so the domain
is (—00, 00), The range of y = x* is [0, o) because the square of any real number is
nonnegative and every nonnegative number y is the square of its own square root,
y=(Vyffory=0.

The formula y = 1/x gives a real y-value forevery x except x = (), e cannot divide
any number by zero. The range of y = 1/x, the set of reciprocals of all nonzero real num-
bers, 1s the set of all nonzero real numbers, since y = 1/(1/y). ~

The formula y = Vx gives a real y-value only if x = 0, The range of y = Vxis
[0, oo ) because every nonnegative number is some number’s square root (namely, it is the
square root of its own square).

—_—

In y = V4 — x, the quantity 4 — x cannot be negative. That 15,4 —x=0,o0r
x = 4. The formula gives rea! y-values for all x = 4. The range of V4 — xis [0, 00),
the set of all nonnegative numbers.

The formula y = V1 — x? gives a real y-value for every x in the closed interval
from —1 to 1. Outside this domain, | — x? is negative and its square root is not a real
number. The values of | — x* vary from 0 to | on the given domain, and the square roots
of these values do the same. The range of V1 — x?is [0, 1]. ]

Graphs of Functions

Another way to visualize a function is its graph. If f 1s a function with domain D, its graph
consists of the points in the Cartesian plane whose coordinates are the input-output pairs
for f. In set notation, the graph 1s

{(x, f(x)) | xe D}.

Sketching a Graph

Graph the function y = x* overthe interval [~2,2].

Solution
1. Makeatable of xy-pairs that satisfy the finction rule, in this case the equation y = x%,

"
Il
"

[ ] [T = R ¥
bRl -0 = b
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Plot the points (x, y) whose Draw a smooth curve through the
coordinates appear in the table. Use plotted points, Label the curve with
fracttons when they are convenient its equation.

computationally.

Linear Functions A function of the form f(x} = mx — b, for constants m and b, 1s
called a linear function. Figure 1.34 shows an array of lines f(x) = mx where b = 0, 50
these lines pass through the ongin. Constant functions result when the slope m = 0

(Figure 1.35).

FIGURE 1.34 The collection of lines
y = mx has slope m and all lines pass FIGURE 1.35 A constant function

through the origin. has slopem = 0.
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Power Functions A function f(x) = x“, where a is a constant, is called a power func-
tion, There are several important cases to consider.

() @ = n, apositive integer,

The graphs of f(x) = x", forn = 1,2, 3, 4, 5, are displayed in Figure 1.36. These func-
tions are defined forall real values of x. Notice that as the power n gets larger, the curves
tend to flatten toward the x<axis on the interval (—1, 1), and also nse more steeply for
(x| > |. Each curve passes through the point (1, 1) and through the ongin.

FIGURE 1.36 Grephs of f(x) = x",n = 1,2, 3,4, 5 defined for =00 < x < 00,

(b)a=-1 or
!

= |/x and gix) = = l,"'.‘f2 are shown in
Figure 1.37, Both functions are defined for all x # 0 (you can never divide by zero). The
graph of y = 1/x1s the hyperbola xy = | which approaches the coordinate axes far from
the origin, The graph of y = 1/x*also approaches the coordinate axes.

The graphs of the functions f(x) = x~

Domain:x = 0
Range: y =10

Domain:x =10
Range: y>10

(b)

FIGURE 1.37 Grephs of the power functions f(x) = x* for part
{2)a = —1 and for part(b)a = =2.
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The functions f(x) =x"*= V \and glx) = x"3 = Vx are the square root and cube
root functions, respectively. The domain of the square root function 1s [0, o), but the
cube root function 1s deﬂned forall rea x Their graphs are displayed in Fi gure 1.38 a ong

with the graphsof y = 2 and y= x*3 (Recall that x*? = (x 123 4nd 1% = (x"3%)

Domain: —® < x <%
Range: -®<y<®

l o

l 0
Domain: ) Sx <= Domain: -2 < x< %
Range: (sSy<%® Range: (Isy<®

FIGURE 1.38 Graphs of the power functions f(x) = x*fora =

L
e

DEFINITIONS  Even Function, Odd Function
A function y = f(x}isan

even function of x 1f f(—x) = f(x),
odd functionofx i f(—x) = —flx),

for every x mn the function’s domain.
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The names even and odd come from powers of x. If y is an even power of x, as in
y= xor y = x",itis an even function of x (because (—x P = x*and (—x)* = x%). Ify
s an odd power of x,as in y=xory= x°, it is an odd function of x (because
(—x)' = —xand (—x = —=x°).

The graph of an even function is symmetric about the y-axis. Since f(—x) = f(x),a
point (x, y) lies on the graph if and only if the point (—x, v} lies on the graph (Figure
1.46a). A reflection across the y-axis leaves the graph unchanged.

The graph of an odd function 1s symmetric about the origin. Since fl—x) = —f(x),
a point (x, y) lies on the graph ifand only if the pomt (—x, —y) lies on the graph (Figure
1.46b). Equivalently, a graph 1s symmetric about the origin if a rotation of 180° about the
ongin leaves the graph unchanged. Notice that the definitions imply both x and —x must
be in the domain of f.

FIGURE 1.46 In part{a) the graph of

¥y = x? (an even function) is symmetric
gbout the y-axis. The graph of 3 = x* (an
odd function) in part (b} is symmetric
about the origin.
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EXAMPLE 2

Recognizing Even and Odd Functions

Y, 2 - . P 2 2~ an -
flx) =x° Even function: (—x)° = x* forall x; symmetry about y-axis.

3 - < 4 4 > 9 > P
flx) =x*+= 1 Even function: (—x)° = | =x° = | forall x; symmetry about

y-axis (Figure 1.47a),

{a)

FIGURE 1.47 (2) When we add the constant term | to the function

y = x? the resulting function y = x* 4 1 is still even and its graph is

still symmetric about the y-axis. (b) When we add the constant term 1 to
the function ¥ = x, the resulting function y = x + 115 no longer odd.
The symmetry about the origin is lost (Example 2).

Odd function: (—x) = —x forall x; symmetry about the ongin.
Notodd: f(=x) = —x = |,but —=f(x) = —x — 1, The two are
rot equal.

Noteven: (—x) = | # x = |forall x # 0 (Figure 1.47D),
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1.5 Combining Functions; Shifting and Scaling Graphs

Sums, Differences, Products, and Quotients

Like numbers, functions can be added, subtracted, multiplied. and divided (except where
the denominator is zero) to produce new functions. If f and g are functions, then forevery
x that belongs to the domains of both f and g (that is, for x e D(f) M D(g}). we define
functions f — g. f — g.and fg by the formulas

(f = giix) = fix) - glx).

(f — gilxi = fix) — gix)

(feix) = fixiglx).
Notice that the — sign on the left-hand side of the first equation represents the operation of
addition of funcrions, whereas the — on the right-hand side of the equation means addition
ofthe real numbers f(x) and g(x).
At any point of D(f) M D(g) at which g(x) # 0, we can also define the function f/g

by the formula

(f) fix) , ,
z (x) _g(x.* (where gi(x) # 0).

Functions can also be multiplied by constants: If ¢ is a real number, then the function
cf 1s defined forall x in the domain of f by

(cfix) = cfix).

EXAMPLE 1 Combining Functions Algebraically
The functions defined by the formulas
fixy=Vx ad glx)= V1-x,
have domains O( f) = [0, 20} and D(g) = (—22, 1]. The pomnts common to these do-
mains are the points
[0, 2@} (—0c, 1] = [0, 1].

The following table summarizes the formulas and domains for the various algebraic com-
binations of the two functions. We also wnte f - g for the product function fg.

Function Formula Domain

f+g (f + glx) = Vx fl-— [0, 1] = D(f) N Dig)
f—g (f —gfx) =Vx—=V1—x [0, 1]

g— f (g — fiix)=VI1—x— Vx [0,

f-z (f-gix) = fix)glx}) = Vx(l —x) [0,

fix) e il
glx)

. Bx) .. [}
T flx N

fle (x) = [0, 1) {x = | excluded)

g/f (x) (0,17 ( 0 excluded)
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Trigonometric Functions

Radian Measure

In navigation and astronomy, angles are measured in degrees, but in calculus it is best to
use units called radians because of the way they simplify later calculations,

The radian measure of the angle ACS at the center of the unit circle (Figure 1.63)
equals the length of the arc that ACB cuts from the unit circle. Figure 1.63 shows that
s = r# s the length of arc cut from a circle of radius » when the subtending angle # pro-
ducing the arc is measured in radians,

Since the circumference of the circle is 277 and one complete revolution ofa circle is
360°, the relation between radians and degrees is given by

7 radians = [80°,
For example. 45° in radian measure is

ST

4 LO

and /6 radians is

FIGURE 1.63 The radian measure of
angle 4ACH is the length 6§ of arc 45 on the
unit circle centered at C. The value of 6§
can be found from any other circle,
however, 2s the ratio s/». Thus s = r§ is
the length of arc on a circle of radius r
when § is measured in radians.

Conversion Formulas

1 degree = (=0.02) radians

180

Degrees to radians: muluply by 180
1 radian = i?.—ol' =357 ) degrees

Radians to degrees: multipiy by li

o
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Taminal ray
[nitial ray

<" Positive  Initial ray - '.\‘:gnuv:
| measure Terminal measure
ray

K

Angles in standard position in the xy-plane,

FIGURE 1.64

The angles of two common

triangles, in degrees and radians,

When angles are used to describe counterclockwise rotations, our measurements can
go arbitrarily far beyond 2+ radians or 360°, Similarly, angles descnibing clockwise rota-

tions can have negative measures of all sizes (Figure 1.66).

Nonzero radian measures can be positive or

and can go beyvond 2.
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The Six Basic Trigonometric Functions

X Y =
sine: smf =% cosecant: cscf

cosine: cos#f = secant: sec#

<
tangent: tan# =% cotangent: cot#
These extended defimitions agree with the nght-tnangle definitons when the angle 1s
acute (Figure 1.69).
Notice also the following definitions, whenever the quotients are defined.
sin # |

tan & Tasl cot an 0

! | |
s 0= ; csc f b
el = o5 s sin #
As you can see, tan # and sec # are not defined if x = (. This means they are not defined
if 8 1s =7 /2, =372 Similarly, cot # and csc # are not defined for values of € for
which v = 0. namely 8 = 0.

FIGURE 1.69 The new and oid
definitions agree for acute angles,

TABLE 1.4 Values of sin#, cos @, and tan @ for selected values of @
Degrees —180 =135 0 30 45

f (radians) —w

-45
=37 .
4 4

T
0 4
sin #

cos @
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LiMiTS AND CONTINUITY

24 One-Sided Limits and Limits at Infinity

In this section we extend the limit concept to one-sided limits. which are limits as x ap-
proaches the number x; from the left-hand side (where x < xy) or the right-hand side
(x > xy) only, We also analyze the graphs of certain rational functions as well as other
functions with limit behavior as x — =00,

One-Sided Limits

To have a limit L as x goproaches ¢, a function f must be defined on hoth sides of ¢ and its
values f(x) must approach L as x approaches ¢ from either side. Because of this, ordinary
limits are called two-sided,

If f fails to have a two-sided limit at ¢, it may still have a one-sided limit, that is, a
limit if the approach is only from one side, If the approach is from the right, the mit is a
right-hand limit. From the left, it is a left-hand limit,

The function f(x) = x/|x|(Figure 2.21) has limit | as x approaches ( from the right,
and limit —1 asx @proaches 0 from the left. Since these one-sided limit values are not the
same, there 1s no single number that f(x) approaches as x goproaches (. So f(x) does not
have a (two-sided) limit at 0.

Intuitively, if f(x)1is defined on an interval (¢, b), where ¢ < b, and approaches arbi-
trarily close to L as x approaches ¢ from within that interval, then f has right-hand limit L
atc, We write

FIGURE 2.21  Different right-hand and
left-hand limits at the origin.

lim_f(x) =L,

=

W

The symbo! “x — ¢* " means that we consider only values of x greater than .

Similarly, if f(x) is defined on an interval (a, ¢), where @ < ¢ and approaches arbi-
trarily close to M as x gproaches ¢ from withm that interval, then f has left-hand limit A/
atc. We write

m_f(x) = M.
X—%

The symbol “x — ¢~ " means that we consider only x values less than ¢.
These informal definitions are illustrated in Figure 2.22, For the function f(x) = x/|x|
m Figure 2.21 we have
Iim_f(x) =1 and m_fi(x)=—1.

x— x—0"
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C - x ( x - €

{a) lim fixi=L (b) Im fixy=M
X=eot

X=eC—

FIGURE 2.22 ({2} Right-hand limit as x approaches ¢, (b) Left-hand limit as x
approaches ¢.

Theorem:

A function f(x) has a limit as x approaches ¢ 1f and only 1f it has left-hand and
nght-hand limits there and these one-sided limits are equal:

lim f(x) = L = im flx) =L  and lim_flx) =L,

=L s r—s

Limits of the Function Graphed in Figure 2.24

2

FIGURE 2.24 Graph of the function

me—g- fix) = 1,

Im,—g- fix) and fim,—y f(x) do not exist. The function is not de-
fined to the left of x = 0.

lim,— - fix) = Oeven though f(1}) = 1,

ime—y- fix) =1,

lim,— f(x) does not exist. The nght- and left-hand limits are not
equal.

hm,—o- fix) = 1,

me—o- fix) = 1,

~

im.—> f(x) = 1 even though f(2) = 2
lime—s- fix) = limems- fix) = im—3 fix) = f(3) = 2

hm.—4- fix) = leventhough f(4) # 1.

lime—4- flx) and lim;—4 f(x} do not exist. The function is not de-
fined to the ight of x = 4.

At every other point ¢ in [0, 4], f(x) has limit f(c).
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DEFINITIONS Right-Hand, Left-Hand Limits
We say that f(x) has right-hand limit L at x;, and write

o 2o |

(See Figure 2.2

im_f(x) =L
x—X;

if for every number € > 0 there exists a corresponding number 6 > 0 such that

forall x
|flx) — L| <e.

Xg < X < Xg — 1) =

We say that f has left-hand limit L at x;. and wnte
Im_fix) =L (See Figure 2.26)
X—*X;

if for every number € > () there exists a corresponding number 8 > 0 such that

forall x
Xg— 0 < x < xy fx)— L| <€,

f{x) lies x)
in here fix)lies
B J in here

tfor allx = xy ) i
in here for allx. 2 x
K = & X in here

é

X

Xxp+é

Xo
FIGURE 2.26 Intervals associated with

Intervals associated with
the definition of lefi-hand limit.

FIGURE 2.25
the definition of right-hand limit.

Example: Applying the definition to find Delta. Prove that.




Dr. Abdullah A. Abdullah ..........................Mathematic &biostatistics

im Vx = 0.

x—
Solution Lete > (begiven. Herexy = Oand L = 0,50 we wantto finda & > 0 such
that for all x

D<x<s Vx— 0| <e,

0<x<$ = Vx <e.
Squaring both sides ofthis last inequality gives
x <€ if 0 <x<3a.
If we choose 8 = € we have

0<x< 8 =¢€? Vx < e,

D<x<é = Vx—0 <e.

According to the definition, this shows that im,—+Vx = 0 (Figure 2.27)

The functions examined so far have had some kind of limit at each point of interest.
general, that need not be the case.

lim V= 0inExample

1)
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Finite Limits as x — + o¢

The symbol for infinity (22) does not represent a real number. We use 20 to describe the
behavior of a function when the values in its domain or range outgrow all finite bounds.
For example, the function f(x) = |/x is defined for all x # 0 (Figure 2.31). When x is
positive and becomes ncreasingly large, 1/x becomes mereasingly small. When x 15 nega-
tive and 1ts magnitude becomes increasingly large, 1/xagain becomes small. We summa-
nze these observations by saying that f(x) = 1/x has limit 0 as x— =Corthat 0 15 a
limit of fix) = 1/xat infinity and negative infinity, Here is a precise definition,

FIGURE 2.31 The graphof v

DEFINITIONS Limit as x approaches =c or — =
1. Wesay that f(x) has the limit L as x approaches infinity and write

Im fix)=1L

x—0a
if, for every number € > 0, there exists a corresponding number A such that
for all x
x> M = fix) —L| < e,

. Wesay that f(x) has the limit L as x approaches minus infinity and write

Im f(x) =1L

x—s—00
if, for every number € > 0, there exists a corresponding number N such that
for all x

x<N fix)—L| <e.

Note:

Intuitively, lim, = f(x} = L1if, as x moves increasingly far from the origin in the positive
direction, fix) gets arbitrarily close to L. Similarly, img—e-o: fix) = L if, as x moves in-
creasingly far from the origin in the negative direction, f(x) gets arbitranly close to L.
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The basic facts to be vernfied by applying the formal definition are

and

Limits at Infinity for fix) = %

Example:

Show that

. 1 _
(a) x:'n;c x =0

Solution
(a) Let € > 0be given. We must find a number M such that forall x

x> M 1-0/=H<e

The implication will hold if M = 1/e or any larger positive number
This proves lim,—= (1 /x) = 0.
{b) Let € > 0be given. We must find a number N such that forall x

, | 1]
x<N _—,_:—U=:'—‘: <E,

The implication will hold if N = —1/e or any number less than —1 /e

This proves limymeax (1 /x) = 0.

Limits at infinity have properties similar to those of finite limits.

No matter what
pasitive number € is,
the graph enters

| thishandat x = g

No matter what
pasitive number €15,
the graph enters
thishand atx = -
and stays,

|

|
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Limit Laws as x — = =€

If L, M, and k, are real numbers and
Im f(x)=1L and Iim g(x)= M, then
r— =00 = =00

1. Sum Rule: Em (f(x) — gix}) L+ M

X— =0

2. Difference Rule: E:irnx(j(.\') —gx))=L-—-M
X—s=

Product Rule: im (f(x)-glx)) =L-M
X—=0C

Constant Multiple Rule: m (k- fix)) =&k-L
X— =0

A ’ fix) L
(uotient Rule: Im —w—=+, M#*0
x—==xgix) M
Power Rule: 1f r and s are integers with no common factors, s # 0, then
Hm (fix)y™ = L7

X— =2

provided that L™ 1s a real number, (Ifs is even, we assume that L > 0.

Example:

(a) I

im =V
x——

im #V3: lim
x——00 x——00 "

7V3-0-0=0

Limits at Infinity of Rational Functions

To determine the limit of a rational function as x — = o0, we can divide the numerator
and denominator by the highest power of x in the denominator. What happens then de-
pends on the degrees of the polynomials involved.

Numerator and Denominator of Same Degree

Sy X 5+ (8/x) — (3/xY)
im ———— lim —
x—3 3y 2 x—x 3+ (2/x)

_54+0-0_

3+0

Degree of Numerator Less Than Degree of Denominator

> (11X + 2/xY)
am —3
== 2 —(1/x7)

2-0
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NOT TG SCALE

FIGURE 2.33 The graph of the function FIGURE 2.3 4

Horizontal Asymptotes
If the distance between the graph of a function and some fixed line approaches zero as a
point on the graph moves increasingly far from the ongin, we say that the graph ap-
proaches the line asymptotically and that the line is an asymprote of the graph.

Looking at f(x) = 1/x (See Figure 2.31), we observe that the x-axis is an asymptote
of the curve on the nght because

and on the left because

g X
o

We say that the x-axis is a horizontal asymptote of the graph of f(x) = 1/x.

DEFINITION Horizontal Asymptote
Aline ¥ = b is a horizontal asymptote of the graph of a function y = flx)if
either

Iim f(x) = im_fix) = b,

£ —00 F——0C
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Notice that:

The curve

the line ¥ = 5/3 as a honzontal asymptote on
both the nght and the left because

Iim fix) =
=’

Infinite Limits and Vertical Asymptotes

Infinite Limits

You can get as high : 6 = ' . S A
45 you want by Let us look again at the function f(x) = 1/x. As x =07, the values of f grow without
tking xclose enough  bound, eventually reaching and surpassing every positive real number, That s, given any

( i u 4 o] 5 1 o 1 1 . -
E;h ;: ::1:;;2“ positive real number B, however large, the values of f become larger still (Figure 2.37).
|4 yre viLe + . 1 & & - b
| goes higher. Thus, f has no limit as x =07, It is nevertheless convenient to describe the behavior of f
) by saying that f(x) approaches o0 as x— 0", We wnte

S e v |
hm f(x)= hm =%,

0"

=07 L o

" Nomatter how
low -Bis, the In writing this, we are not saying that the imit exists, Nor are we saying that there is a real

graph goes lower.  pumber 00, for there 1s no such number, Rather, we are saying that limy—= (1/x) does not

You can get as low |9 -8 exist because | /x becomes arbitrarily large and positive as x— 0,

I ‘t“lol‘:;:: ;kl')“s) | As x— 07, the values of f(x) = 1/x become arbitrarily large and negative. Given
any negative real number -3, the values of f eventually lie below =B, (See Figure 2.37,)

FIGURE 2.37 One-sided infinite imits: ~ We write

T i §
me=00 ad lim 5= -
=0 x=0"

Note:

Again, we are not saying that the limit exists and equals the number —00 ., There is no real
number — 0. We are descnibing the behavior of a function whose mit as x — 07 does not
exist because its values become arbitrarily large and negative.
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EXAMPLE 1  One-Sided Infinite Limits

Find m I— and hm = .
.‘("’l--‘ o= l x—]"X = l

Geometric Solution  The graph of y = 1/(x — 1)1s the graph of y = 1/x shifted | unit
to the nght (Figure 2.38). Therefore, y = |/{x — 1) behaves near | exactly the way

y = 1/x behaves near ():

y | ’
m = ¢ and Iim

- —

x—1"x — 1 =l x

Analytic Solution  Think about the number x — | and its reciprocal. As x— |, we have
(x—1)—0" and 1/(x—1)—20., As x— 17, we have (x—1}—0" and

1/(x — 1)— —00, ©

FIGURE 2.38 Near x = 1, the function

¥ = 1/(x = 1) behaves the way the
function y = 1/x behaves

graph is the graph of »

unit to the right (Example

EXAMPLE 2  Two-Sided Infinite Limits

Discuss the behavior of

(a) flx)= —l- nearx = (),
X2

(b) glx) —l,_' nearx = —3.
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Solution

(a) Asx approaches zero from either side, the values of 1/x? are positive and become ar-
bitrarily large (Figure 2.39a):

p A e
im f(x) = lim— = 00,

x—0 x—0 x°

(b) The graphofgix) = 1/(x = 3 F is the graph of f(x} = 1 /x* shifted 3 units to the left
(Figure 2.39b). Therefore, g behaves near —3 exactly the way f behaves near 0.
1

Iim gi{x) = Im ———= = 0o, ]

x—=3 x—=3(x = 3)?

The function y = 1/x shows no consistent behavior as x— 0. We have 1 /x — oo if
x—07,but | /x— —ocif x— 0. All we can say about lim,— (1/x} is that it does not
exist. The function y = 1/x?is different. Its values approach infinity as x approaches zero
from either side, so we can say that Iim,—q (1, x2) = 0o,

| No matter how
A high Bis, the graph
| goss higher.

\
o

N o

FIGURE 2.39 The graphs of the
functions in Example 2. {2} f(x)
approaches infinity as x — 0. (b} g(x}
approaches infinity as x —» =3 .

EXAMPLE 3  Rational Functions Can Behave in Various Ways Near Zeros
of Their Denominators
(x — 2P (x — 27

(a) im ——— = lim
=2 x°—4 =2 |

b) lim =
()x—lzl -4
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P> Gt " x—3
(¢) hm ———= hm_ —

=2 x*—4 =T (x—2)x T
x—-3

» X "
(d) im =———=lm ——————
) =2 x*— 4 =2 (x—2)(x+ 2

2 b e x—3 .
{¢) mm: ——— Iim =—————— does not exist.
x—2 x° =2 (x—2)x = 2)
e PO © S » —1
f) m ——— = lim ——= Im ———— = —00

2 (x P2 (=2 A (x — 2)

In parts (a) and (b) the effect of the zero in the denominator at x = 2 is canceled be-
cause the numerator is zero there also. Thus a finite limit exists. This is not true in part (f),
where cancellation still leaves a zero in the denominator. [ ]

DEFINITIONS Infinity, Negative Infinity as Limits
1. We say that f(x) approaches infinity as x approaches x;, and write

iim f(x) = 00,
x—x;

if for every positive real number 8 there exists a corresponding § > 0 such
that for all x

0< |x—xy/ <8 = flx) > B.
We say that f(x) approaches negative infinity as x approaches x;, and write

lim f(x) = —o0,

XX
if for every negative real number — 8 there exists a corresponding 8 > 0 such
that for all x

0< |x—xg| <6 fixy < —B.

Vertical Asymptotes

Notice that the distance between a point on the graph of y = |/x and the y-axis ap-
proaches zero as the point moves vertically along the graph and away from the origin
(Figure 2.42), This behavior occurs because

\ertical asymptote

I I
Horizontal im = =00  and im == —o0,
=0 X =X

symptote S

Horizontal We say that the line x = 0 (the y-axis) is a vertical asymptote of the graph of y = | /x.
Ssympterey Observe that the denominator is zero at x = 0 and the function is undefined there.

y=1{
y=X

Vertical asymptote,
x=0

DEFINITION Vertical Asymptote
Aline x = a is a vertical asymptote of the graph of a function y = f(x)ifeither

1 iy = - I (v) =
) y Im_f(x) = =0 m_f(x) = =00,
FIGURE 2.42 The coordinate axes are xil.]:,- A=) ) ;.nu- fx)

asymptotes of both branches of the
hyperbola y = 1/x.
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EXAMPLE 5  Looking for Asymptotes

Find the honzontal and vertical asymptotes of the curve

Solution ~ We are interested in the behavior as x — =00 and as x— —2, where the de-
nominator 1§ zero,

The asymptotes are quickly revealed if we recast the rational function as a polynomial
with a remainder, by dividing (x = 2)into (x = 3).

This result enables us to rewrite y:

We now see that the curve in question 1s the graph of y = 1/xshifted | unit up and 2 units
left (Figure 2.43), The asymptotes, instead of being the coordinate axes, are now the lines

-

y=landx = -2, 2]

Vertical
asymptote,
>

> Kok

Horizonial
asympiote,

The lines ¥ = 1 and
symptotes of the curve
(x + 2) {Example 5).
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EXAMPLE6  Asymptotes Need Not Be Two-Sided

Find the horizontal and vertical asymptotes of the graph of

B

-4

Solution  We are interested in the behavior as x — =00 and as x — =2, where the de-
nominator is zero, Notice that f is an even function ofx, so its graph is symmetnc with re-
spect to the y-axis,

flx) =—

(a) The behavior as x — =00, Since limy—x f(x) = 0, the line ¥ = 0 is a horizontal
asymptote of the graph to the right. By symmetry it is an asymptote to the left as well

(Figure 2.44). Notice that the curve approaches the x-axis from only the negative side
(or from below).

(b) The behavior as x — =2. Since

and im_ f(x) = 00,
the line x = 2 1s a vertical asymptote both from the nght and from the left. By sym-
metry, the same holds forthe line x = -2,

There are no other asymptotes because f has a finite limit at every other point.

Vertical
asymptote, x =

2

Vertical
asymptote,

-

K==L

W o

Horizontal
asymptote, y = 0

L

! 1 !
=4 -3-2-10 p. +

1

FIGURE 2.44 Graph of

y = —8/(x* — 4). Notice that the curve
approaches the x-axis from only one side.
Asymptotes do not have to be two-sided
{Example 6).




Dr. Abdullah A. Abdullah ..........................Mathematic &biostatistics

EXERCISES

1. Find the Limits:

2. Find the Limits:

3. Find the Limits:

b, x=27

¢ pep )T g —)
e, x=—2 X =2

é. What, if anything, can be said about the limitas x = 07
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Continuity

Continuous function: any function y = f{x). Who's sketched over its domain in one
continuous motion without lifting the pencil is an example of a continuous function.

el
0.,

Distance fallen {m)

g

Hapsed time (sec)
Continuity at a Point

EXAMPLE 1  Investigating Continuity

Find the points at which the function f in Figure 2.50 1s continuous and the pomnts at which
[ 1s discontinuous.

Solution  The function f is continuous at every point in its domam [0, 4] except at
x = l,x = 2, and x = 4. At these points, there are breaks in the graph, Note the relation-
ship between the limit of f and the value of f at each point of the function’s domain.

Points at which f & continuous:
Atx = 0, m_fix) = f(0),
x—.‘l)

im f(x} = f(3).

3 ’

<c<4c#12, Iim f(x) = f(c).

X—c

FIGURE 2.50 The function is continuous
on [0, 4] exceptatx = 1,x = 2, and
x = 4 (Example 1).
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Points at which f & discontinuous:

Ax=], lim f(x) does not exist,
Continuity ~ Two-sided 2. Jrasy
Pomterign  comnay  SOMUY oy lim f(x) = 1,but 1 # f(2),
———d from the left pae
u‘."- ' - "
M Atx =4, hm_f(x) = 1,but] # f(4),

y =1 =4

I
|
|

Ate < 0,c >4, these points are not in the domain of f,

o lm————

d
Todefine contimuity at a point in a function's domain, we need to define continuty at
FIGURE 2.51 Continuity atpoinisa, b, an mterior point (which ivolves a two-sided limit) and continuity at an endpoint (which

ande. involves a one-sided limit) (Figure 2.51),

DEFINITION  Continuous at a Point
Interior point: A function y = f(x) is continuous at an interior point ¢ of its
domain if

lim f(x) = f(c).
£

Endpoint: A function y = f(x) is continuous at a left endpoint a or is
continuous at a right endpoint b of its domain if

lim_fix) = fla) or lin:._ flxi = f(b), respectively.
x—*a X—*0

If a function f is not continuous at a point ¢, we say that f is discontinuous at ¢ and ¢
is a point of discontinuity of f. Note that ¢ reed not be in the domain of f.

A function f is right-continuous (continuous from the right) at a point x = ¢mn its
domain 1f km,—.- f(x) = flc). It is left-continuous (continuous from the left) at ¢ if
ime—.~ f(x} = f(c). Thus, a function 1s continuous at a left endpoint a of its domain 1f it
18 right-continuous at @ and continuous at a night endpoint b of its domain if it is left-
continuous at b. A function is continuous at an interior point ¢ of its domam ifand only 1f
it 1s both nght-continuous and left-continuous at ¢ (Figure 2.51),

EXAMPLE 2 A Function Continuous Throughout Its Domain

The function flx) = V4 — x“is continuous at every point of its domain, [—2, 2] (Figure
2.52), mcluding x = —2,where f 1s nght-continuous, and x = 2, where f 1s left-continuous.
5
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EXAMPLE 3  The Unit Step Function Has a Jump Discontinuity

The unit step function U(x), graphed in Figure 2.53, is nght-continuous at x = 0, but 1s
neither left-continuous nor continuous there. It has a jump discontinuity at x = 0, o

FIGURE 2.53 A function

that is right-continuous,
but not left-continuocus, at
FIGURE 2.52 A function the origin, It has 2 jump
that is continuous at every discontinuity there
domain point (Example 2), {Example 3).

We summarize continuity at a point in the form of a test.

Continuity Test

A function f(x)1s continuous at x = ¢ ifand only if it meets the following three
conditions,

I.  flc)exists (c lies in the domain of f)

2. hmg—, f(x) exists (f hasalimitas x —¢)

3. limg—. f(x) = f(c) (the limit equals the function value)

Note:

For one-sided contmuity and continuity at an endpomt, the limits in parts 2 and 3 of
the test should be replaced by the appropnate one-sided limits.
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Properties of Continuous Functions

Ifthe functions f and gare continuous at x = ¢, then the following combinations
are continuous at x = ¢,

1. Sums: f—g
[fferences: f—g
. Products: f-g
. Constant multiples: k- f, forany number &
. uorients: f/g provided g(c) # 0
. Powers: f7*, provided it is defined on an open interval
containing ¢, where » and 5 are integers

Im(f — gilx) = m(f(x) — glx})
X—C X
= hm f(x) + hm g(x),

X—*C X—C

= flc) — glc)

= (f - gllc).

This shows that f — g is continuous.
H.W:

Show that the following functions are continuous everywhere on their respective domains,

(a) y=Vx'—2%—5 (b) y ="

Continuity from Graphs - say whether the function graphed is continuous on

[=1,3]. I not, where does it fail to be continuous and why?

1. 2,
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Tangents and Derivatives
What Is a Tangent to a Curve?

For circles, tangency 1s straightforward. A line L is tangent to a circle at a point P if L
passes through P perpendicular to the radius at P (Figure 2.63). Such a line just wuches

Note

the circle. But what does it mean to say that a line L is tangent to some other curve C at a

point P?Generalizing from the geometry of the circle, we might say that it means one of

the following:

1. L passes through P perpendicular to the line from P to the center of C.

2, L passes through only one point of C, namely P,

3. L passes through P and lies on one side of C only.
FIGURE 2,63 L s tangent to the
circle at P if it passes through P
perpendicular to radius OF,

Although these statements are valid if C 1 a circle, none of them works consistently for
more general curves, Most curves do not have centers, and a line we may want to call tan-
gent may intersect C at other points or cross C at the point of tangency (Figure 2.64).

Lmeets Conly at P Lis tangent to C at P but Lis tangent to C at P but lies on
but is not tangent to C. meets Cat several points,  two sides of €, crossing Cat P,

FIGURE 2.64  Exploding myths about tangent lines,

Note:

To define tangency for general curves, we need a dynamic approach that takes into ac-
count the behavior of the secants through P and nearby points () as ) moves toward P
along the curve (Figure 2.65). It goes like this:

We start with what we can calculate, namely the slope of the secant PQ.

1.
2. Investigate the limit of the secant slope as {J approaches P dong the curve.
3.

If the limit exists, take it to be the slope of the curve at P and defmme the tangent to the
curve at P to be the line through P wath this slope.
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Tangent -~
."/'

Secants

Secants

FIGURE 2.65 The dynamic approach to tangency. The tangent to the curve at 7 is the line
through P whose slope is the limit of the secant slopes as @ — P from either side.

EXAMPLE 1 Tangent Line to a Parabola

Find the slope of the parabola y = x*at the point P(2, 4). Write an equation for the tan-
gent to the parabola at this point,

Solution ~ We begin with a secant line through P(2, 4)and Q(2 = 4,(2 = h)?) nearby.
We then write an expression for the slope ofthe secant PQ and investigate what happens to
the slope as Q approaches P along the curve:

Ay (2+h*—22 p+4p+4-4
Secant slope = — = - = =
P Ax h

If A > 0, then Q Ees above and to the right of 2, as in Figure 2.66. If # < 0,then Q liesto
the left of P (not shown). In either case, as Q approaches P along the curve, A approaches
zero and the secant slope approaches 4:

Iim(h —4) =4,

k=0

We take 4 to be the parabola's slope at P,
The tangent to the parabola at P is the line through P with slope 4:

y=4+4(x— 2)
y=4dx — 4.
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=i+ 4,

Secant slope is

2+hF-4

— vT:mg:m slope =4

NOT TO SCALE

FIGURE 2.66 Finding the slope of the parzbola y = x? ar the point A(2, 4) (Example 1),

2+ h? -4

h

=h+4

Secant slope is

P "".Tung:m slope =4

y=(2+h* -4

FIGURE 2.66 Finding the slope of the parabola y = x? at the point P(2, 4) (Example 1),

DEFINITIONS Slope, Tangent Line
The slope of the curve y = f(x)} at the point P(xy. f(xy))1s the number

. flxg + h) — fixg) . ) o
m = lim - (provided the limit exists).

h—0 n

The tangent line to the curve at P is the line through P with this slope.
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fax, =) —flx,)

[
|
[
[
[
o
Xy
|

Fig: Show the slope of the tangent

flxg+ h) = flx)

lineat P15 lim - ,
h=s(} n

EXAMPLE 2  Testing the Definition

Show that the line y = mx — hisits own tangent at any point (xg, mxy — b).

Solution Welet f(x) = mx — band orgamize the work into three steps.
l. Find f(xg)and f(xqg = h).
flxg) = mxyg = b
flxo-h)=mxy - h) - b=mxy+mh=+h
Find the slope ﬁ'i_lﬁlﬁf(&';; + h) — f(xg))/h.

flxy + k) — flxg)

Find the tangent line using the point-siope eguation. The tangent line at the point
(xg, mxg — b)1s
(mxy = b) = mix — xy)
=mxg — b — mx — mxy

mx — b.

Let's summarize the steps in Example 2.
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Finding the Tangent to the Curve y = f(x) at (x5, vo)
1. Calculate f(xy)and flxg — h).

2. Calculate the slope

- fl\ +h)— f(.\';g)
m = m s

h—{ h
3. Ifthe limit exists, find the tangent line as

Y =y T mx — xg).

EXAMPLE 3  Slope and Tangentto y = 1/x, x # 0

(a) Find the slope ofthecurve y = l/xatx =a # 0,
(b) Where does the slope equal —1,/47

(c) What happens to the tangent to the curve at the point (a, 1/a) as a changes?

*read the Ex*

Solution

(a) Here f(x) = |/x.Theslopeat(a, 1/a)is

fla = h) — f(a)

1
am

—h

lim —————

h—0 hala — h)

B, s iz

h—0 ala + k) a’'
Notice how we had to keep writing “lim;—," before each fraction until the stage
where we could evaluate the limit by substituting 2 = 0, The number 2 may be posi-
tive or negative, but not ().

(b) Theslope of y = 1/xat the point where x = ais — 1/a?. Itwill be —1/4 provided that

This equation is equivalent to @ = 4, s0 a = 2 or 2 = —2. The curve has slope
—1/4 at the two points (2, 1/2)and (-2, —1/2} (Figure 2.68).

Notice that the slope —1/a® is always negative if 2 # 0. As a— 0%, the slope ap-
proaches —o0 and the tangent becomes increasingly steep (Figure 2.69), We see this
situation again as @ — 07, As a2 moves away from the ongin in either direction, the
slope approaches 07 and the tangent levels off. [ ]
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|
lope is —=
5 15 3

iy

=y s

.

FIGURE 2.69 The tangent slopes, steep
FIGURE 2.68 The two tangent lines to near the erigin, become more gradual as
¥ = 1/x having slope = 1/4 (Example 3). the point of tangency maoves away.

Summary

We have been discussing slopes of curves, lines tangent to 2 curve, the rate of change of
function, the limit of the difference quotient, and the darivative of a function at a point. All
of thase wleas refer to the same thing, summarized here:

Theslopeof v = fix)atx = x
The slope of the tangant to the curve v = flx) atx = xp
The rate of change of f(x) with respectto x at x = xp
The derivative of f at x = xp
."-l:.'l.',l + h) = l."-l:.'l.',||

The limit of the difference quotient, lim * p
el
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Exercises:

1. Find the slope of the curve at the point indicate:

2.

Does the graph of

have a tangent at the origin? Give reasons for your answer.

Does the graph of

[xsin{l/x), x

z(x) =
& [ 0,

P I
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Chapter Tlwee

DIFFERENTIATION

We defined the slope of a curve y = f(x). At the point where X=X, to be

flxg + h) = flxg)
litry )
=] L

We called this limit, when it existed, the derivative of f at x;. We now investigats the
derivative as a function derived from f by considering the limit at each point of the do-
main of f.

DEFINITION  Derivative Function
The derivative of the function f{x) with respect to the variable x is the function
f' whose value atx is

" o flx+ ) = fix)
f'ix) = lim ————m——
2 =i} b

provided the limit exists,

We use the notation f(x) rather than simply f in the definition to emphasize the inde-
pendent variable x, which we are differentiating with respect to. The domain of f' is the set
of points in the domain of { for which the limit exists, and the domain may be the same or
smaller than the domain of f. If f' exists at a particular x, we say that f is differentiable
(has a derivative) at x. If f' exists at every point in the domain of f, we call | differen-
tiahle.

Ifwewrita z = x + h,then h = z = xand b approaches 0 if and only if z approaches
x. Therafore, an equivalent definition of the derivative 13 as follows (see Figura 3.1).
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ye= Rx .

“Sacant slope s

(o) - f¢
J(2) = fix)

) a=y FIGURE 3.1 The way we write the
Derivative of fa1 xis e S N ; s
o) fim JET R = A2 difference quotient for the denvative of a
fix) = UM ———

W : function f depends on how we label the

-l L2 = RD points involved.

i=4x

Alternative Formula for the Derivative

. flz) = fix)
Fixl = lim =

o

EXAMPLE 1  Applying the Definition

Differentiate f(x) = —— 1

X

Solution  Hlere we have flx) = ]
: X =

fix + h) = \x + &) S0
Jhx STEEm =1
" fix + a) = fix)
o E—
x4+ h x

r+h =1 =1
h
. ] lx+halx=1)—xix+h-=1)
lim — - - :
fr==i] x4+ h=1Nx=1]

—=h

o
I - =
s h (x +h = 1)x = 1

= lim - ——
a=i x4+ b= 1z =11 (r=173
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EXAMPLE 2 Derivative of the Sguare Root Function

(a) Find the derivativeof y = Vx for x > 0.

(b) Find the tangent line o thecurve y = Vxatx = 4,

Note:

You will
derivative of

Solution
(a) We use the equivalent form to calculate f':

f(z) = fix)

Zi=X

f'ix) lim

—

(b) The siope of the curve &t x

The tangent is the line through the point {$, 2) with slope 1/4 (Figure 3.2):

1
y=2 4 —(x -4
- _1" l

FIGURE 3.2 The cunve y = Vxand its
tangent at (4, 2). The tangents slope is
found by evaluating the derivative atx = 4
{(Example 2).
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Notations

There are many ways to denote the derivative of a function y = f(x), where the independ-
ent variable is x and the dependent variable is y. Some common alternative notations for
the derivative are

d‘_jl.rl =Di(f)lx) = D.f(x)

Differentiable an an Interval; One-Sided Derivatives

A function y = flx} is differentiable on an open interval {finite or infinite) if it has a de-
rivative at each point of the interval. It is differentiable on a closed interval [a, &] if it is
differentiable on the interior (g, &) and if the limits
. Jla+h)= fla)
lim B — Right-hand derivative at a
h==i)"

o flb 4+ h) = f(b)
lux_'.]_’—h—'- Left-hand derivative at b
n=—y

exist at the endpoints {Figure 3.3).

Sope -
b= h)— flEB)
Hm = -

he—i

]
]
'
]
1
]
'
'
]
i
'
1

B

h b= h

I
'
a -
h> 0 <0

FIGURE 3.5 Decrivatives at endpoints arc
onc-sided limits.

EXAMPLE 5 y = |x|Is Not Differentiable at the Origin

Show that the function y = |x|i5 differentiable on (=22, 0) and (0, 2© ) but has no deriva-
tiveatx = 0,

Solution  To the right of the origin,

;"I;.ril = ~:~|.r| = -g-ll-.rl = ],

dx dx dx
To the left,
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(Figure 3.6). There can be no derivative at the origin because the one-sided derivatives dif-
fer there:
: S0+ h|=|0 A
Right-hand derivative of x| at zero = lim_ e T lim_ =

fy=e() fywe()

= |im 2
n--ﬁl" h

y'notdefined a1z = (: "I_llnl =1

fight-hand dervative

o lefi-hand dedvative . : . |0+ h|=|0

Left-hand derivative of | x|at zero = lim
0™ h

FIGURE 3.6 The function y = |x|is =j
not differentiable at the origin where "l_llr.}_ Y - =% wl
Im =1=<=],

h=ei)”

ol
the graph hasa “corner.”

EXAMPLE6  y = Vx Is Not Differentiable at x = 0

In Example 2 we found that for x > 0,

h=s(~

Since the (right-hand) limit is not finite, there 15 no derivative at x = 0. Since the slopes
of the secant lines joining the origin to the points (4, VA on a graph of y = Vix ap-
proach oo, the graph has a vertical rangent at the origin. a

@

When Does a Function Not Have a3 Derivative at a Point?

A function has g derivative at a point x if the slopes of the secant lines through
P, flxn)) and & nearby point {J on the graph approach a limit a3 ( approaches P When-
ever the secants fail to take up a limiting position or become vertical a3 (J approaches P,
the derivatve does not exist. Thus differentiability 13 2 “smoothness™ condition on the
graph of f. A function whose graph i3 otherwise smooth will fail to have a derivative at a
point for several reasons, such a3 at points where the graph has
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a corner, Where the one-sided a cusp, where the slope of PQ
dervatives differ. approaches oo from one side and —oc
from the other.

a vertical tangent, where the slope of PQ approaches o from both sides or
approaches — oo from both sides (here, —oc).

a discontinuity,
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Differentiable Functions Are Continuous

A function is continuous at every peint where it has a derivative.

THEOREM 1 Differentiability Implies Continuity
If f has a derivative at x = ¢, then f is continuous at x = ¢,

Proof Given that f'(2) exists, we must show that lim,— fix) = flz), or equivalently,
that limy_g fle + A) = fle). If A # 0, then

fle+ nl = fle)+ (fle +h)= fig))

- fle 4+ h) = fie) "
fle)+ ——=——

Now take limits

fle + h) = fic)

lim fle + A) lim fle) + lim - « lim A

f—s1] b= h==1) h h—s)
= flc) + f'le)-0
= fic) + 0

Flel.

Similar arguments with one-sided limits show that if’ f has a derivative from one side
(rightor left) at x = ¢ then f is continuous from that side atx = ¢,

CAUTION  The conversa of Theorem | i3 false. A function nead not have 2 derivative at a
point whare it 18 continuous, as we saw in Example 5.

The Intermediate Value Property of Derivatives

Mot every function can be some function’s derivative, 23 we see from the following theorem.

THEOREM 2
It & and & are any two points in an nterval on which f is differentighle, then
takes on every valus batwesn (o) and f'(&).
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<.||

I £ 3.7 The unit step
function doss not have the
Intermediate Value Property and
cannot be the derivative of a
function on the real line

EXERCISES

Finding Derivative Functions and Values

F =37, £, £
: I; Fi—1) F'(0), Fi2)

1. fix) =4 — x%
=lx -

2. Fix) =

logins= ,_qr'l—i_l.g'll_l.,_q"l"x"i'l

5. pld) =38, mil), pi3) pl3/3)
6. ris) = W2z + 1, r'(00 010,01

Finding Derivative
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Differentiation Rules

Powers, Multiples, Sums, and Differences

The first rule of differentiation is that the derivative of every constant function is zero.

RULE 1 Derivative of a Constant Function
If [ has the constant value f(x) = ¢, then
df d

= —(g) =1},

dx  drx

EXAMPLE 1
If f has the constant value f(x) = &, then

df _ d
E —EI_S' =),

Similarly,

d [
T Ik- 5 and

-

FIGURE 3.8 The rule(d/dx)(c) = Ois Proof of Rule 1 We apply the definition of derivative to f(x) = ¢, the function whose
anather way to say that the values of outputs have the constant value ¢ (Figure 3.8). Atevery value of x, we find that

constant functions never change and that ‘ )

the slope of a harizontal line is zero at fx) = lim Jlx + h) = fix) R i

= lim0 = 0.
every point. i) h 0 h

The second rule tells how to differentiate x” if n is a positive integer.

RULE 2 Power Rule for Positive Integers

If n is 2 positive integer, then

To zpply the Power Rule, we subtract 1 from the original exponent (n} and muluply
the result by n.

EXAMPLE 2  Interpreting Rule 2
= [= ]




Dr. Abdullah A. Abdullah ..........................Mathematic &biostatistics

First Proof of Rule 2 The formula

FAE A NP 3 [ FANAE e R - S 2
can be verified by multiplying out the right-hand side. Then from the alternative form for
the definition of the derivative,
, flz) = flx) -
Jx) = lim=—a—=

= |lim =
Iy 2=x

Z =X
Hm(2"=! 4 24 4 oo 4 2074 4 ")
Sy

nx

Second Proof of Rule 2 If f(x) = x”, then fix + A) = (x + h)", Sincen is a positive
integer, we can expand (x + #)" by the Binomial Theorem to get

. . x4+ k)= fix) (x 4+ A) = x"
flx = Iim —m—mb———— = |im ———

fywnl] Jyw=i)

2"+ nx™

Iim =

h==i)

lim
hy—-i)
lim |nx""" +
h=il |
= px"! [
The third rule says that when a differentiable function is multiplied by a constant, its
derivative is multiplied by the same constant.

RULE 3 Constant Multiple Rule
If i 15 2 differentiable function of x, and ¢ i3 2 constant, then

d . i
_|_"_'|.-I'| [ —

dx T’

In particular, it n 18 & positve integer, then

-

Fy n —_ _|-_|
—|ex" | = ¢nx .

dr
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EXAMPLE 3
(a) The derivatuve formula

= (3x°) = 3:2x = 6x

dx =
says that if we rescale the graph of y = x* by multiplying each y-coordinate by 3,
then we multiply the slope at each point by 3 (Figure 3.9).
(b} A useful special case
ative of a differentiable function wis the negative of the func-

The derivative of the n
uon’s derivauve, Rule

e
3

withe = =1 gives

d ¢ d du
— () === ] e y) = ] e —y) = —

dx dx dx dx’

Slope = 3(2%)

/ - bz

-&Nl)=§

.3)

FIGURE 3.9 The graphs of y = x* and
v = 3x?.Tripling the y<oordinates triples
the slope (Example 3),

Proof of Rule 3

Cculx + h) = culx)
W= lim -
n

A
dx )

oulx + h) = ulx)
0 11—
Iy h
du
T dx
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The next rule says that the derivative of the sum of two differentiable functions is the
sum of their derivatives,

Denoting Functions by u and v
The functions we are working with

when we need a differentiation formula

are likely to be denoted by \:ucrs like f RULE 4
and g. When we apply the formula, we : i ol . =
do ot want o find it using these same If wand v are differentiable functions of x, then their sum u + v is differentiable
leters in some ather way. To guard atevery point where u and v are both differentiable. At such ponts,

Derivative Sum Rule

against this problem, we denote the J . o

functions in differentiation rules by —(y+y)=—4 =
ltters like u and v that are not likely to de de - dx
te already in use,

EXAMPLE 4 Derivative of a Sum
x* 4+ 12x

.i"_ 2 _“_"_ 95
T dx L2 s d.v."]"'r|

4%+ 12

Proof of Rule 4 We apply the definition of derivative to f(x) = ul(x) + v(x):

[wlx + h) + vix+ h)] = [ulx) + vix)]

d
=T [ulx) + vix)] }L_l.t.1 7

o Tulx + By = ulx)  wlx 4+ A) = vlx)
= hm +
fywn () | h h
wlx + h' — ul,.l“l UI‘I + h‘ — vl_.l‘l du dv
S — e —

Jim h B h S de " dx

Combining the Sum Rule with the Constant Multiple Rule gives the Difference Rule,
which says that the derivative of a difference of differentiable functions is the difference of
their derivatives,
E—lu - v) =—d—[u + (=1)] =du l-1l££= e
dx dx dx dx dx dx

The Sum Rule also extends to sums of more than two functions, as long as there are
only finitely many functions in the sum. 1fuy, w2, .. ., u. are differentiable at x, then so is
uy + uz + - + u,, and

diuy duz dus

= - o -~

d
g TR Al R e e T
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EXAMPLE 5  Derivative of a Polynomial

Notice that we can differentiate any polynomial term by term, the way we differenti-
ated the polynomial in Example 5. All polynomials are differentizble everywhere.

Proof of the Sum Rule for Sums of More Than Two Functions We prove the statement

‘ 1 du> du,
J ‘.A.J;‘.;..a.Jl

— Fup+ -+ = 2 S v
dx - dx dx dx

The statement is true for n = 2, this is Step 1 of the induction proof.

Step 2 18 to show that if the statement 18 true for any positive intager n = k, whare
k2 ny =2 thenitisalsotrue for n = &k + 1. 50 suppose that

Then

du dutp-
s o

dx dx

With these steps verified, the mathematical induction principle now guarantees the
Sum Rule for every integern = 2, D
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EXAMPLE 6  Fnding Horizontal Tangents

Does the curve y = x* = 2¢? + 2 have any horizontal tangents? If so, where?

Solution  The horizontal tangents, 1f any, occur where the slope dy /dx is zero. We have,

d’nl d . ) 1
e 22 (% D¢t 4 D) = 4y - 4y,

dr  dr

dy
Now solve the equation ]; = { for x:

dr =dx=1

-;J:lx:-]|=[)

wEinE 4 x=01-=1
FIGURE3.10 The curve Wer
y=2x* = 2¢* + 2and its horizontal The curve y = x* = 2¢* + 2 has horizontal tangents at x =0, 1, and =1, The corre-

tangents (Example 6), sponding points on the curve are (0, 2), (1, 1) and (=1, 1). See Figure 3.10. [

Products and Quotients

While the denvative of the sum of two functions is the sum of their denivatives, the deriva-
tive of the product of two functions 1s not the product of their derivatives. For instance,

d di s . d , d ,
—(xx)=—(x°) = Xx, while —ix)—x)=1-1=1.
dx dx dx

dx

The derivative of a product of two functions is the sum of nve products, as we now explain.

RULE 5 Derivative Product Rule
If 1 and v are differentiable at x, then so is their product wv, and
dv du

—(wv) = u==-+ v=-.
dx * dx ax

The denvative of the product uv 1s « imes the denvative of v plus v times the deriva-
tive of w, In prime notation, (wv)' = w' = wvu', In function notation,

i. fix)e(x)] = fix)e'(x) = glx)f'(x).
ax gixl] g g
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EXAMPLE 7  Using the Product Rule

Find the denvative of

+3 ).

/
/

Solution  We apply the Product Rule with © = 1/xand v = x* = (1/x):

SR
%)

d
dy |

1, _ 1 ATERR
X l- =t %2 t X 'Il'a %2 ),l'

Note:

Proof of Rule 5

a g
- (uv) = Im
ax

u(x = hvix = k) — ulx)vi(x)

To change this fraction into an equivalent one that contains difference quotients for the de-
nvatives of v and v, we subtract and add u(x — & Ju(x) in the numerator:
d o ulx =hpwix = h) — ulx = hvix) = ulx = hu(x) — ulx)vix)
;.;luv) = hm

fi—0 h

v(x - h) — vix) ulx — h) — ulx) |
+ vix) 2

= lim |ulx + h)

n—0 h

) , o ulx = k) — vix) con e X+ h) — u(x)
= lmu(x = 2)+ Im : - vix)- im

s . Sare
=0 h—{ h =0 h

As h approaches zero, u(x — h)approaches u(x) because u, being differentiable at x, 1s con-
tinuous at x. The two fractions approach the values of dv/dx at x and du/dx at x. In short,

dj:y.ody du
oo LU Y o R, @
dax dx dx

EXAMPLE 8 Derivative from Numerical Values

Let y = wwvbe the product of the functions  and v. Find y'(2) if

ul2) = 3, u'(2) = —4, v(2) =1, and

Solution  From the Product Rule, in the form

¥y = (uv) = uv' + o',
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we have
= ul(2W' (2} + v(2'(2)

=321 = (l1}i—4r=06—4

EXAMPLE 9  Differentiating a Product in Two Ways

Find the derivative of y = (x? + 1)(x* + 3).

Solution

(a) From the Product Rule withu =x* = land v = x> = 3, we find

4. (x* = 1)(x* = 3]

dx L\ /]

(b) This particular product can be differentiated as well (perhaps better) by multiplying
out the original expression for y and differentiating the resulting polynomial:
s 2

(= 1)x=3)=x = =3x* =3

-

i
Just as the denvative of the product of two differentiable functions 15 not the product of
their dervatives, the derrvative of the quotient of two functions 1s not the quotient of their
dervatives. What happens mstead 1s the Quotient Rule.

RULE6  Derivative Quotient Rule
If u and v are differentiable at x and if v(x) # 0, then the quotient u/v is differ-
entiahle at x, and

In function notation,
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EXAMPLE 10 Using the Quotient Rule

Find the derivative of

Solution
We apply the Quotient Rule withu =
.
dr

Proof of Rule 6

wulx — h) ulx)

vix + h) vix}
h

vix)ulx — h) — ulxjvlx = h)

fim e T
hi—0 nuelx — Rjvlx)

Tochange the last fraction into an equivalent one that contains the difference quotients for
the dervatives of i and v, we subtract and add v(x)u(x) n the numerator. We then get

vixhulx + h) — vix)u(x) + vixhu(x) — wixhix + k)

huix + hju(x)

uix = h) — ulx) vix + k) — vix)
vix) i — ux)

= lm -
h—i) vix + hw(x)

Takmg the lim:t in the numerator and denominator now gives the Quotient Rule.
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Negative Integer Powers of x

The Power Rule for negative integers 1s the same as the rule for positive integers.

RULE 7 Power Rule for Negative Integers
If 7 1s a negative integerand x # 0, then

EXAMPLE 11

(a)

Proof of Rule 7 The proof uses the Quotient Rule. If » s a negative integer, then
n = —m, where m is a positive integer. Hence, x" = x™" = 1/x", and

~m |

EXAMPLE 12 Tangent to a Curve

Find an equation for the tangent to the curve

at the point (1, 3) (Figure 3.11).
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Solution  The slope ofthe curve is

dy d

—_—|\.— )

4
dx dx dx

(1)
l?

The slopeat x = 115

The Iine through (1, 3) with slope m =
(=Dix—=1)
-x+1+3

—x+ 4,

The wingent to the curve
2/x) at (1, 3) in Example 12.

EXAMPLE 13 Choosing Which Rule to Use
Rather than using the Quotient Rule to find the denvative of

(x = 1)(x* = 2x)

4
"
A

expand the numerator and divide by x*:

, \ P2 ey
= BUE—2%

-‘.J

V=
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Then use the Sum and Power Rules:

dy

—_—= —x

dx

Second- and Higher-Order Derivatives

If y = f(x)1s a differentiable function, then its derivative f'(x) is also a function. If f' 1s
also differentiable, then we can differentiate f' to get a new function of x denoted by f".
So /" = (f')' . The function f" is called the second derivative of f because it is the deriv-
ative of the first denivative. Notationally,

d*y d [av\

ffix) = —=5 == |-
7 ) A&t dx \dx ,f

The symbol D? means the operation of differentiation is performed twice.
If y = x5, then ' = 6x°and we have
'.‘I_"r"

Vv —_—

- dx

di %
—(6x7) = 30x*.
dx | /

Thus D*(x®) = 30x*,
If " is differentiable, its derivative, ¥ = dy" /dx = d’y/dx’ is the third derivative
of y with respect to x. The names continue as you 1magine, with

"w

L

Jn=1) — —= D"
T }
- ‘i\.. -

denoting the mnth derivative of y with respect to x for any positive integer n.

ote:
How to Read the Symbols for
Derivatives
“y prime”
“y double prime”
“d squared y dx squared”
“y triple prime”

“,

‘v super n”
“dtothe n of y by dx to the a”

“I to the n™
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EXAMPLE 14  Finding Higher Derivatives

~ - - - S
The first four derivatives of y = x> — 3x* + 2 are

First dervative:
Second derivative:
Third denvative:

Faurth derivative:

The function has denvatives of all orders, the fifth and later denvatives all being zero,

EXERCISES

Derivative Calculations

A. Tind the first and second derivatives,

B.

. Suppose v and v are functions of x that are differentiable at x
and that

u(0) =35, u'(0)= <3, vl)=<1 2'10)=2.
Find the values of the following derivatives at x = (.
d d fu) d (v) d
a. = (uv) bl Il b d, == {T=
dx de \V ) de \¥ ) dx

\

Suppose 1 and v are differentiable functions of x and that
u(l) =2, u'(l)=0, w(l)=35, 2'(1)==].
Find the values of the following dervatives atx = 1.

& d (u) d (v} d -
a. I"Iuvl b. o l\,F,’l c. o |'\T‘- ,|| d. Z' Yoy =3
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